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013.04.0Abstract A rapid and efﬁcient method for static aeroelastic analysis of a ﬂexible slender wing when
considering the structural geometric nonlinearity has been developed in this paper. A non-planar
vortex lattice method herein is used to compute the non-planar aerodynamics of ﬂexible wings with
large deformation. The ﬁnite element method is introduced for structural nonlinear statics analysis.
The surface spline method is used for structure/aerodynamics coupling. The static aeroelastic char-
acteristics of the wind tunnel model of a ﬂexible wing are studied by the nonlinear method pre-
sented, and the nonlinear method is also evaluated by comparing the results with those obtained
from two other methods and the wind tunnel test. The results indicate that the traditional linear
method of static aeroelastic analysis is not applicable for cases with large deformation because it
produces results that are not realistic. However, the nonlinear methodology, which involves com-
bining the structure ﬁnite element method with the non-planar vortex lattice method, could be used
to solve the aeroelastic deformation with considerable accuracy, which is in fair agreement with the
test results. Moreover, the nonlinear ﬁnite element method could consider complex structures. The
non-planar vortex lattice method has advantages in both the computational accuracy and efﬁciency.
Consequently, the nonlinear method presented is suitable for the rapid and efﬁcient analysis
requirements of engineering practice. It could be used in the preliminary stage and also in the
detailed stage of aircraft design.
ª 2013 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.1. Introduction
High-aspect-ratio wings are commonly used for high-altitude
long-endurance (HALE) aircraft because of their low struc-82338723.
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48tural weight and high lift-drag ratio. However, the slender
wings also have noticeable structural ﬂexibility. A geometric
nonlinear problem may occur when the wings undergo large
deformation. Traditional linear aeroelastic theories that based
on the inﬁnitesimal deformation assumption fail to accurately
analyze such deformation and the aeroelastic characteristics of
ﬂexible aircraft undergoing such a structural deformation.
In the past several years, Patil et al.1–3 and Zhang4 have
studied the effect of structural geometric nonlinearities on
the static and dynamic aeroelastic characteristics of large-
aspect-ratio wings. A geometrically-exact beam theory is used
for the structural analysis, and the Ofﬁce National EtudesSAA & BUAA. Open access under CC BY-NC-ND license.
Fig. 1 Vortex lattice model for a thin lifting surface.
Fig. 2 Arrangement of vortex ring elements.
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model is used for aerodynamics computations. Xie et al. inves-
tigated the aeroelastic characteristics of a metal single-spar
wing under large deformation with the structural nonlinear ﬁ-
nite element method and the generalized strips theory6,7 or the
3-D lifting line theory.8 The ﬂutter characteristics of the wing
can also be predicted using the linearized method. Pan et al.9
has further studied the problem with the nonlinear Euler beam
and non-planar vortex lattice method. The nonlinear static
aeroelastic responses were also solved by Palacios and Ces-
nik10 with a coupled computational ﬂuid dynamics/computa-
tional structural dynamics (CFD/CSD) methodology.
Both the structural dynamic characteristics and aerody-
namics need to be solved based on the deformed conﬁguration
as the geometric nonlinear aeroelasticity of a slender wing is
analyzed. The above mentioned research studies indicate that
the results of steady aerodynamics and deformation will have
a considerable effect on the dynamic performances of the sys-
tem. During engineering practice, a complex 3-D wing struc-
ture is usually modeled by the ﬁnite element method with
shell-beam elements, which is difﬁcult to model as a single
beam. Moreover, the accuracy of non-planar aerodynamics
analysis methods that have been used, such as the ONERA
model, generalized strip theory and 3-D lifting line theory, al-
ways depends on the values of empirical parameters, e.g., the
slope of the lift curve of airfoils. However, the CFD/CSD cou-
pling calculation always requires a considerable amount of
computation resources and computation time. Therefore, it is
necessary to develop an efﬁcient geometric nonlinear aeroelas-
tic analysis method for engineering use that has a better ﬁtness
in terms of structural complexity and that requires less manual
intervention.
A methodology for static aeroelastic analysis considering
the structural geometric nonlinearity has been developed in
this paper. The ﬁnite element method is introduced for struc-
tural nonlinear statics analysis because of its satisfactory per-
formance for different types of structures. A non-planar
vortex lattice method11,12 is also promoted for non-planar
aerodynamics computations because of its advantages in both
computational accuracy and efﬁciency. These two components
are tightly integrated by 3-D surface spline methods. The
methodology is also evaluated with a case study involving a
wind tunnel model of a ﬂexible wing.2. Theory
2.1. Non-planar vortex lattice method
The non-planar aerodynamics of a deformed wing is computed
by the non-planar vortex lattice method. A Cartesian coordi-
nate system is selected for aerodynamic analysis.13 The x axis
points from the nose to the tail along the free stream, the y axis
points to the right side on the same level, and the z axis is de-
ﬁned by the right-hand rule. As shown in Fig. 1, the thin-wing
platform is represented by its middle camber surface, and then
it is divided into panels containing vortex ring singularities.
Some typical panel elements are shown in Fig. 2. Each vortex
ring consists of four segments of a vortex line, and the leading
segment of the vortex ring is placed on the panel’s quarter
chord line. The aerodynamics of the panel acts on the
midpoint of the segment (represented by ‘‘s’’ in Fig. 2). Thecollocation point (represented by ‘‘x’’ in Fig. 2) is at the center
of the three-quarter chord line, and at this point, the actual
boundary condition will be implemented.
The velocity induced at an arbitrary point by a typical vor-
tex ring can be calculated by applying the Biot–Savart law13 to
the ring’s four segments, except for the rings located at the
trailing edge of the wing. The latter vortex ring is different
from the normal ones; two semi-inﬁnite trailing vortex lines
that model the wake are shed into the ﬂow along the x axis
at each trailing edge panel, as shown in Fig. 2. Instead of the
rear segment of the vortex ring, the effect of these two semi-
inﬁnite trailing vortex lines should be considered when the
velocity by a trailing edge vortex ring element is computed.
Then the induced velocity at all of the collocation points could
be represented as:
Vx ¼WCxC
Vy ¼WCyC
Vz ¼WCzC
ð1Þ
where Vx, Vy, and Vz are the induced velocity components
along the x, y, and z axes;WCx,WCy, andWCz are their inﬂu-
ence coefﬁcients matrixes; C is the vortex strength vector of all
the vortex rings.
To search for a singularity distribution that creates en-
closed streamlines, the Neumann boundary condition11 is
used. For the collocation point of the ith vortex ring element,
there is:
ðV1 þ ViiÞni ¼ 0 ð2Þ
where V1 is the velocity of the free stream, when the angle of
attack a and the angle of sideslip b are both small,
V1 ¼ ½1 baTV1, Vii is the induced velocity at the ith collo-
cation point, Vii ¼ ½Vixi Viyi ViziT, ni the normal vector of the
ith panel element, ni ¼ ½nxi nyi nziT.
516 C. Xie et al.Expanding Eq. (2) yields:
Vixi
V1
nxi þ Viyi
V1
nyi þ Vizi
V1
nzi ¼ nxi þ nyib nzia ð3Þ
where V1 is the velocity magnitude of the free stream.
Let C0 = C/V1, and express the boundary condition equa-
tions of all the collocation points by matrix:
AAICC
0 ¼ Ad0 þ Abbþ Aaa ð4Þ
where AAIC is the inﬂuence coefﬁcient matrix of the normal in-
duced velocity, Ad0 the coefﬁcients vector that represents the
local angle of attack initialization of each panel element; Aa
and Ab are the coefﬁcient vectors related to the angle of attack
and the angle of sideslip.
The aerodynamic force fAi that acts on the ith vortex ring
element could be computed by the Kutta–Jukovski theory:13
f Ai ¼ qV1  CFi ð5Þ
where q is the air density, CFi the total vortex strength at the
ith panel element’s quarter chord line; CFi ¼ liC0FiV1 has differ-
ent values depending on whether the panel is the leading edge
panel or not, li is the vector describes the magnitude and direc-
tion of the ith panel element’s quarter chord line. C0Fi ¼ C0i
when the panel is located at the leading edge of the wing,
and C0Fi ¼ C0i  C0i1 when it does not.
Expanding Eq. (5) yields:
f Ai ¼ qV21
lyia lzib
lzi þ lxia
blxi þ lyi
2
64
3
75CFi ð6Þ
Then, the aerodynamic forces of all the panels along the
three axes of the aerodynamic coordinates are:
FAx ¼ 2QDCxTCA1AICðAd0 þ Abbþ AaaÞ
FAy ¼ 2QDCyTCA1AICðAd0 þ Abbþ AaaÞ
FAz ¼ 2QDCzTCA1AICðAd0 þ Abbþ AaaÞ
ð7Þ
where QD is the ﬂight dynamic pressure; Cx, Cy, and Cz are the
coefﬁcient matrices for each aerodynamic force component; TC
is the transfer matrix for the vortex strength.
2.2. Geometric nonlinear elasticity
A long slender ﬂexible wing experiencing large aerodynamic
forces has ﬁnite bending and torsion deﬂection, so the inﬁnites-
imal deformation condition is disobeyed, while the material is
thought to not be taken beyond the elastic limitation for the
small strain. This results in the nonlinear geometric equation,
including the quadric term of the displacement differential
and the nonlinear force equilibrium equation established based
on the deformed state of the structure. The incremental ﬁnite
element method is commonly used to solve structural geomet-
ric nonlinear problems. The method has two formulas called
the total Lagrange formulation (TLF) and the updated
Lagrange formulation (ULF).14 The ULF is presented and is
used in the current work.
The relationship between the nonlinear Lagrange/Green
strain and displacement is:
teij ¼ 1
2
ðtui;j þ tuj;i þ tuk;ituk;jÞ ð8Þwhere tui,j indicates the partial derivative of displacement com-
ponent ui for the coordinate xj at time t. The conjugate Kirch-
hoff stress tensor Sji at time t satisﬁes:
tSji
tnjds ¼ txi;jdTj ð9Þ
where tnj is the direction cosine of the small area element ds at
time t, and dTj the corresponding surface force in which the
follower force effect is considered. The linear elastic constitu-
tive relation is presented as follows:
tSij ¼ Dijkltekl ð10Þ
where Dijkl is the elastic tensor, which has a different form for
isotropic or anisotropic materials.
The ﬁnite element method based on energy principles is
an effective approach to solve structural problems. For the
geometric nonlinear problems with follower forces, the
incremental ﬁnite element method (FEM) is used. The
strain eij can be decomposed into a linear part eij and a
nonlinear part gi:
teij ¼ teij þ tgij ð11Þ
The stress is decomposed by increments, where tSij repre-
sents the equilibrium stress at time t, and tsij the incremental
stress to be calculated at each time step:
tþDtSij ¼ tsij þ tSij ð12Þ
The integral equation is established by linearization in each
incremental step:
R
tV
tDijkl
tekldteijdtVþ
R
tV
tsijdtgijd
tV ¼
tþDtQ RtV tsijdteijdtV
ð13Þ
where tV is the volume of the element, t+DtQ the incremental
outer force including the aerodynamic force, engine thrust
and gravity at the new time step. Considering a number of
shape functions, the relationship between strain and deforma-
tion is presented as:
te ¼ tBLu
tg ¼ tBNLu
ð14Þ
where tBL and
tBNL are the linear and nonlinear shape func-
tions of the element at time step t, respectively, and the u is
the corresponding generalized coordinate.
Substituting these shape functions into Eq. (13) leads to the
element governing equation:15
ðtKL þ tKNLÞu ¼ tþDt Q tF ð15Þ
where tKL and
tKNL are the linear and nonlinear stiffness ma-
trixes of the element, respectively; tF is the inner force.
2.3. Surface splines for aerodynamic/structure coupling
The surface spline is used for the coupling of aerodynamics
and the structure. The conﬁguration of the structure is usually
considered to be embedded in a 3-D space. The undeformed
conﬁguration could be 1-D, 2-D, or 3-D and the deformed
conﬁguration is usually 3-D.
Considering n given structural grids with the coordinate XS
and the corresponding deformation vector US, the relationship
between the coordinates and the deformation of grids could be
represented by a surface spline ﬁtting function, which could be
written in matrix form:16
Fig. 3 Flowchart for geometric nonlinear static aeroelastic
analysis.
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where AS and WS are the constant matrices according to the
coordinates and the deformation of the given grids,
WS ¼ ½034UTS 
T
; C is the coefﬁcient matrix of the surface spline
ﬁtting function. When AS is nonsingular, C could be solved as:
C ¼ A1S WS ð17Þ
Then the deformation vector UA of m aerodynamic grids
with the coordinates of XA could be interpolated
UA ¼ AAA1S WS ð18Þ
where AA is the constant matrix according to the given coordi-
nates of aerodynamic grids. WS gets its ﬁrst four rows zeroed,
so Eq. (17) is transferred to:
UA ¼ GUS ð19Þ
where G is the spline matrix for displacement interpolation be-
tween the aerodynamic grids and structural grids, and it is just
the matrix that AAA
1
S removes its ﬁrst four columns.
In aeroelastic analysis, the transformation between the
aerodynamic and the structural force systems requires struc-
ture equivalence rather than static equivalence. Structure
equivalence means that the two force systems deﬂect the struc-
ture equally. When the aerodynamic force FA and its equiva-
lent structure force FS do the same respective virtual work
on their virtual deﬂections, the structure equivalence of the
two force systems is guaranteed:17
dUTAFA ¼ dUTSFS ð20Þ
where dUA and dUS are the arbitrary virtual deﬂections,
respectively, satisfying Eq. (19). The non-planar aerodynamic
force computed is FA = [FAx FAy FAz]. Therefore,
FS ¼ GTFA ð21ÞFig. 4 Structure of large-aspect-ratio ﬂexible wing model.2.4. Static aeroelastic analysis methodology
As the ﬂowchart in Fig. 3 illustrates, the procedure for the geo-
metric nonlinear static aeroelastic analysis starts with appropri-
ate aerodynamic and structure modeling and initialization. For
each circle of computation, the aerodynamic model conﬁgura-
tion and aerodynamic forces are all updated according to the
structure deﬂection gained in the previous circle. New aerody-
namic loads are applied to the undeformed structure and struc-
ture deformation is then solved by ULF. Both the aerodynamic
loads and inertial loads are treated as following forces. As one
circle ﬁnishes, the deformations of speciﬁed grids will be evalu-
ated and tested for termination. If the termination criteria are
not met, a new interacting circle will be excited. The procedure
will not be ended until the termination criteria are met.Fig. 5 Wind tunnel test model of large-aspect-ratio ﬂexible wing.3. Numerical example
3.1. Model
The Aeroelasticity Research Branch of Beihang University has
conducted a wind tunnel model test of a large-aspect-ratio
wing for investigating its aeroelastic characteristics under large
deformation. As shown in Figs. 4 and 5, a semispan wing mod-
el has been designed, manufactured and then tested in the D4wind tunnel of BUAA. The rectangular wing is 487 mm long
and 60 mm wide, and the airfoil is NACA0015. A single spar
with a uniform rectangular cross section has been chosen for
Fig. 8 Vertical displacement at wing tip vs airspeed.
518 C. Xie et al.the stiffness simulation of the wing. The spar is located at the
50% chord line of the wing, and the dimensions of the cross
section are 7.03 mm · 1.14 mm. The density of the material
is 7.6 · 103 kg/m3, and the modulus is 230 GPa. The wing
shape is simulated by twelve wing sections that were made
from balsa wood and cotton paper. Each section attaches to
the wing spar with a single point. Enough clearance is left be-
tween each section to make sure that no stiffness will be added
to the wing spar by the external shell. There is also a wingtip
store to regulate the ﬂutter characteristics. The wingtip store
is 150 mm long and weights is 31.5 g.
An aeroelastic analysis model of the wing is established.
The structure ﬁnite element model shown in Fig. 6 uses the
beam elements and lumped mass elements for the stiffness
and mass simulation. Fig. 7 shows the aerodynamic model of
the undeformed wing and there are 64 · 8 vortex lattices. Be-
cause no reﬂecting board is set at the root part of the wing dur-
ing the wind tunnel test, the aerodynamics of the wing is just
computed with the asymmetric wing root boundary condition.
3.2. Static aeroelastic analysis
The static aeroelastic characteristics of the model wing have
been analyzed by three different methods: the tradition linear
method of static aeroelastic analysis (represented by the label
‘linear’ below), the nonlinear method used in Ref.8 (repre-
sented by the label ‘Ref.8’ below) and the nonlinear method
developed in this paper (represented by the label ‘nonlinear’
below). For the traditional linear method, the assumption of
structure inﬁnitesimal deformation is adopted, and the aerody-
namics is computed by the planar doublet lattice method,
which does not consider the wing’s bending effect. The method
of Ref. 8 uses the ﬁnite element method to study the structural
nonlinearity and the 3-D lifting line theory to compute the
non-planar aerodynamics of the wing. However, parameters
such as the slope of the lift curve of the wing proﬁle should
be adjusted repeatedly for acceptable accuracy, which is the
difference between the method of Ref. 8 and the nonlinear
method develop by this paper. Fig. 8 shows variation of the
vertical displacement at the wing tip Tz according to the wind
speed V, which is obtained by these three methods. The angleFig. 6 Structural ﬁnite element model.
Fig. 7 Aerodynamic model.of attack of the wing is 0.4. The results of wind tunnel test are
also presented.
As the data in Fig. 8 indicate, the vertical displacement at
the wing tip is approximately 185.8 mm when the velocity is
34.0 m/s. However, the result attained by the traditional linear
method is approximately 456.9 mm, which is nearly 2.5 times
the test result and even equals the semispan of the wing. Evi-
dently, the traditional linear method gives the results that are
unrealistic when the deformation is large.
The test result in Fig. 8 indicates that the vertical displace-
ment at the wing tip keeps increasing with the velocity, as does
the curve slope of the test result until the velocity reaches
approximately 33.5 m/s. When the velocity is further increased,
the increasing rate of the vertical displacement at the wing tip
will slow down, and the displacement will converges to a limit
level because the ﬁnite-span wing has a large lateral displace-
ment at that moment. This is an important characteristic of
the structural geometric nonlinearity. The results obtained by
the nonlinear method and the method of Ref.8 are close to
each other, and they are also in agreement with the test result.
However, it should be noted that unlike the method of Ref.8,
no parameter adjustment is made when the nonlinear method
developed in this paper is used to solve the nonlinear aeroelas-
tic problem. The linear method indicates that the displacement
of the wing tip becomes inﬁnite as it reaches the divergence
velocity. However, according to the wind tunnel test, there is
no inﬁnite displacement of the wing at that velocity.
According to the test result, the vertical displacement at the
wing tip is approximately 37.5% of semispan when the velocity
is 34.0 m/s and angle of attack is 0.4. This is a typical nonlin-
ear case of a ﬂexible wing with large deformation. The details
of the aeroelastic deformation and the loads on the wing haveFig. 9 Initial and ﬁnal aerodynamic models of the ﬂexible wing.
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method and the nonlinear method developed in this paper for
geometric nonlinear aeroelastic analysis are also discussed.
The initial and ﬁnal aerodynamic model of the ﬂexible wing
solved by the nonlinear method is shown in Fig. 9. Fig. 10
shows the convergence progress of the displacement at the
wing tip. The displacements along three different axes are rep-
resented by Tx, Ty and Tz, respectively. It takes the nonlinear
method approximately 10 interaction steps before the compu-
tation converges to a steady result.
The displacements of the wing spar along the three axis
directions that were computed by these two methods areFig. 10 Convergence progress of displacements at wing tip.illustrated in Fig. 11. Meanwhile, Fig. 12 shows the torsional
angle h of the deformed wing spar, which represents the angle
between the chord line of the wing proﬁle and the airﬂow.
Fig. 13 shows the distribution of drag, lateral force and lift
along the spanwise.
The results indicate that the displacement of the wing spar
along the x axis and y axis calculated by the linear method
equals zero, as do the aerodynamic components of drag and
lateral force. In contrast, the vertical displacement of the spar
and the lift component spanwise calculated by the linear meth-
od are much greater than the nonlinear results. It has been
pointed out that the inﬁnitesimal deformation assumption ofFig. 11 Displacements of wing spar along the span.
Fig. 12 Torsional angle of wing spar along the span.
Fig. 13 Drag, lateral force and lift along the span.
520 C. Xie et al.the structure is used in the traditional linear method. In the
planar doublet lattice method, the ﬂat plate model of the wing
is not supposed to be deformed with the structure, and elastic
deformation is only used to update the boundary condition of
the collocation point. In this case, the aerodynamic forces that
are generated by the horse vortex and doublet always be verti-
cal to the lattice, and the lift component is greater than the
nonlinear method in which no lateral force is induced.
In fact, the aerodynamics of the wing is a typical kind of
follow force. The wing is bent and rotated by aerodynamic
loads, and the aerodynamic forces follow the wing structure,
which will no longer be vertical to the initial platform of the
wing. The drag component and lateral force are then induced
by deformation.Fig. 14 Total aerodynamic loads and elastic increments along
the span.
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tex lattices is updated according to the deformed conﬁguration
of the wing (shown in Fig. 9). The follower force effect is also
considered in the structural nonlinear statics computation.
Therefore, the nonlinear method produces much more accu-
rate results when the deformation is large. This can be seen
from the trends shown in Fig. 8.
Moreover, aerodynamic loads along the span, including the
vertical shear force Fz, bending moment Mx, torsion moment
My, and their aeroelastic increments DFz, DMx, and DMy,
are shown in Fig. 14. Similar to the result of deformation,
the aerodynamic loads calculated by the linear method have
similar trends with the nonlinear results, but they are twice
the magnitude of the rear ones.4. Conclusions
A rapid and efﬁcient method for static aeroelastic analysis of a
ﬂexible slender wing that considers the structural geometric
nonlinearity has been developed in this paper. A non-planar
vortex lattice method is used herein to compute the non-planar
aerodynamics of a ﬂexible wing undergoing a large deforma-
tion. The ﬁnite element method is introduced for structural
nonlinear static analysis. The surface spline method is used
for structure/aerodynamics coupling. The static aeroelastic
characteristics of the wind tunnel model of a ﬂexible wing
are studied by the nonlinear method presented, and the nonlin-
ear method is evaluated by comparing the results with ones
from the traditional linear method, the method of Ref. 8 and
the wind tunnel test. The conclusions are summarized as
follows:
(1) The results of the numerical study indicate that the tra-
ditional linear method of static aeroelastic analysis is not
applicable when large deformation exists because it
yields unrealistic results. However, the nonlinear
method using the ﬁnite element method and the non-pla-
nar vortex method could provide acceptable analysis
accuracy, and the nonlinear results are in agreement
with the test results.
(2) Different from the nonlinear method of Ref.8, the non-
planar aerodynamics is herein computed by the non-pla-
nar vortex lattice method, which is efﬁcient and does not
require additional parameter adjustments. Moreover,
the nonlinear ﬁnite element method could be used to
consider complex structures. Consequently, the nonlin-
ear method presented is suitable for the rapid and efﬁ-
cient analysis requirements of engineering practice.
This method could be used in the preliminary design
stage and also in the detailed design stage of aircraft
design.
(3) The non-planar vortex lattice method considers the air-
foil camber and the wing’s spanwise bending effect.
Therefore, it could be further used in the aerodynamic
analysis of wings that have a complex curvature shape.Acknowledgements
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